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Abstract— This paper addresses an optimal control problem
for a robot that has to find and collect a finite number of objects
and move them to a depot in minimum time. The objects are
modeled by point masses with a priori unknown locations in
a bounded two-dimensional space. The robot has forth-order
dynamics that change instantaneously at any pick-up or dropoff of an object. The corresponding hybrid Optimal Control
Problem (OCP) is solved by a receding horizon scheme, where
the derived lower bound for the cost-to-go is evaluated for the
worst- and a probabilistic case, assuming a uniform distribution
of the objects. We first present a time-driven approximate
solution based on time and position space discretization. Due
to the high computational cost of this solution, we alternatively
propose an event-driven approximate approach based on a
suitable motion parameterization. The solutions are compared
in a numerical example, suggesting that the latter approach
offers a significant computational advantage while yielding
similar qualitative results compared to the former.

I. I NTRODUCTION
We address a time Optimal Control Problem (OCP) for a
vehicle with continuous dynamics that has to find, collect and
move a finite number of objects back to a designated spot in
space. The objects with a-priori known masses are located in
a bounded two-dimensional space. The challenging aspects
of this problem are (at least) threefold. First, obtaining an
explicit time-optimal controller is often impossible even for
linear systems without uncertainties due to the discontinuity
of the value function [1]. A wide range of approximate
solutions has been proposed, e.g. based on numerical continuation [2], value set approximation [3] etc. Second, collecting
a finite number of objects and moving them to a particular
spot with minimal overall cost represents an instance of the
well-known NP-hard Traveling Salesperson Problem (TSP)
[4]. Further, object pick-ups and drop-offs cause autonomous
switchings of the robot’s continuous dynamics, leading to
an additional growth in the number of optimal solution
candidates. While deterministic versions of this problem can
be handled efficiently, e.g., by two-stage optimization [5]
or relaxation [6], the complexity of most approaches for
stochastic setups [7] scales poorly with the problem size.
Third, optimal exploration of a limited space is an inherently
difficult problem by itself. For a known probability distribution, minimizing the expected time for detecting a target
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located on a real line by a searcher that can change its motion
direction instantaneously, has a bounded maximal velocity
and starts at the origin, was originally addressed in [8]. Even
though this problem has received considerable attention from
different research communities, e.g., as a “pursuit-evasion
game” in game theory [9], [10], as a “cow-path problem” in
computer science [11] or as a “coverage problem” in robotics
[12], its solution for a general probability distribution or a
general geometry of the region is, to a large extent, still
an open question. Certainty equivalent event-triggered [13],
min-max [14] and sampling-based [15] optimization schemes
have also been employed for OCPs with uncertainties. While
methods for Partially Observable Markov Decision Processes
can also be applied, e.g., [16], they may become computationally infeasible for larger problem instances. Due to the
aforementioned aspects, the problem at hand has exponential
complexity in the number of objects and for any time and
space discretization. This motivates the use of a receding
horizon approach, which has been shown to outperform other
alternatives under uncertainty, e.g., for elevator dispatching
[17] or multi-agent reward collection [18].
In [19], a combined optimal exploration and control
scheme was proposed for a vehicle that has to find, collect
and move a finite but unknown number of objects in a
two-dimensional position space. The approach was based
on a policy enforcing a pick-up upon an object’s detection,
followed by a certainty equivalent discrete optimization on
a finite approximation of the motion in the environment.
This heuristic restriction was omitted in [20], where the OCP
was studied for the worst- and a probabilistic case assuming
uniform distribution of the objects on a line interval. It
was shown that one optimal solution consists of complete
exploration followed by a pick-up and drop-off of all objects.
Since this result could not be generalized for higher dimensions, in this paper we propose a receding horizon approach
based on solving a non-convex OCP for a finite space and
time discretization. Leveraging ideas from [21], where the
persistent monitoring of a limited one- dimensional mission
space by a team of agents has been effectively reduced to
a parametric OCP, we alternatively parameterize the motion
by finite curves that allow to cover the whole position space
using the robot’s sensing range. The non-convex worst- and
probabilistic case OCPs are then replaced by a finite number
of convex OCPs and integral evaluations along the curve.
Notation. For a set S, |S| and 2S denote its cardinality and
the set of all of its subsets (power set), respectively. 0m,n
represents an m × n matrix with zero entries. If m = 1,
we write 0n . In is an identity matrix with dimension n. The
derivative of x(t) with respect to time is denoted by ẋ(t).

II. P ROBLEM FORMULATION
Consider a finite set of objects O = {o1 , . . . , oL }, where
every ol , l ∈ {1, . . . , L}, is uniquely characterized by its
position p(l) ∈ Yg , Yg = [−ymax , ymax ]×[−ymax , ymax ] ⊂ R2 ,
and mass m(l) ∈ R≥0 . A robot with a sensor footprint around
its current position y(t) ∈ R2 , hence covering the area
O(y(t)) = {yp ∈ R2 : ky(t) − yp k ≤ ρ}, ρ  ymax , (1)
has to find, collect and move all objects back to the depot
located at yd = 02 in minimum time. The overall system is
modeled by a hybrid automaton H. The discrete state at time
t is q(t) = (q1 (t), q2 (t), q3 (t)), where q1 (t) ⊆ O is the set
of objects being carried by the robot, q2 (t) ⊆ O the set of
objects that has been dropped at the depot prior to or at time
t, and q3 (t) ⊆ O is the set of objects that have been detected
so far. Clearly, q(t) ∈ Q with Q := 2O × 2O × 2O . The
mass P
of the robot and its current load is mq (t) = mq1 (t) =
m∅ + ol ∈q1 m(l) , where m∅ stands for the nominal mass of
the robot. The continuous state (x(t), Y(t)) ∈ X consists of
the robot state x(t) = [y T (t) v T (t)]T ∈ X, where v(t) ∈ R2
is the current velocity of the robot, and the region Y(t) ⊆
Yg that has not been explored at time t. Clearly, Y(t) is
non-increasing, i.e., Y(t) ⊆ Y(τ ) for t ≥ τ . The state x(t)
evolves according to a finite collection of vector fields F =
{fq }q∈Q , i.e.




1
02,2 I2
02,2
ẋ(t)=fq (x, u)=
x(t)+
u(t), (2)
02,2 02,2
mq(t) I2
driven by the piecewise continuous control signal u :
[0, tf ] → U := {φ ∈ R2 |kφk ≤ umax }, where tf is the
free final time of the overall pick-up and drop-off mission.
As Q is finite, the set of discrete state transitions (or events)
E ⊆ Q × Q is also finite. We partition E into ∆ ∪ Π ∪ Ψ,
where for q = (q1 , q2 , q3 ), q 0 = (q10 , q20 , q30 ) ∈ Q, ∆ =
{(q, q 0 ) : q10 = q1 , q20 = q2 , q30 = q3 ∪ {ol }, ol ∈ O} is the set
of detection events, Π = {(q, q 0 ) : q10 \ q1 = {ol }, q20 =
q2 , q30 = q3 , ol ∈ O}, is the set of pick-up events, and
Ψ = {(q, q 0 ) : q1 6= ∅, q10 = ∅, q20 = q2 ∪ q1 , q30 = q3 }
is the set of drop-off events. With the sensor paradigm (1),
detection events occur, whenever the distance between the
current robot position and the position of an object that has
not been detected so far becomes ρ. Pick-up events occur,
whenever the robot reaches the position of an object that has
not been collected so far. Drop-off events occur, whenever
the robot reaches the depot and carries objects. For both
pick-up and drop-off events, zero velocity is required. This
is captured by the invariant map Inv : Q → 2X with

X\{[y T v T ]T : ky − p(l) k=ρ} if {ol } 6∈ q3 ,

T
Inv(q)= X\{[p(l) 0T2 ]T }
if {ol }6∈q1 ∪q2 ,


X\{04 }
if q1 6= ∅,
the guard map G : E → 2X with

T T T
(l)
0

{[y v ] : ky − p k=ρ} if e∈∆, q3 \q3 ={ol },
T
G(e)= {[p(l) 0T2 ]T }
if e∈Π, q10 \q1 ={ol },


{04 }
if e∈Ψ, q1 6= ∅,
and the (trivial) reset map R : E × X → X with R(e, x) =
x, ∀(e, x) ∈ E × G(e). Note that we do not account for
collisions between the objects and the robot, since both

are assumed to be points in Yg . A practical setup that
satisfies this assumption is, e.g., a quadrotor exploring a
two-dimensional ground space from above. As the robot is
assumed to start at the depot with zero velocity, and no
objects have been picked up or dropped off before that,
the initial state set is Init = {(q(0), (x(0), Y(0)))} =
{((∅, ∅, ∅), (04 , Yg \ O(02 ))}.
Solving the addressed problem involves L detection, L
pick-up and between 1 and L drop-off events, as it can
be advantageous to collect several objects and then drop
them simultaneously off at the depot. Hence, for the total
number of events Λ, 2L<Λ≤3L holds, and the time line τ
is accordingly partitioned into Λ intervals, i.e. τ = (τ1 =
[t0 , t1 ], . . . , τΛ = [tΛ−1 , tΛ ]), t0 = 0, tΛ = tf . The input
is an ordered set of functions u = (u1 , . . . , uΛ ), where
uλ : τλ → U are absolutely continuous for λ∈{1, . . . , Λ}.
Thus, if ζ=(τ, q, ξ)u is an execution of H for an input signal
u, q=(q 1 , . . . , q Λ ) is a discrete state trajectory with q λ :
τλ → Q, q λ =const, ∀t ∈ τλ . ξ=(x, Y) is the continuous state
trajectory with x=(x1 , . . . , xΛ ), xλ : τλ → X are absolutely
continuous functions. Y=(Y1 , . . . , YΛ ) is a sequence of nonincreasing functions Yλ : τλ → 2Yg . The cost of ζ is
Λ
X
tf =
(tλ − tλ−1 ).
(3)
λ=1

One way to account for the uncertainty is to minimize (3),
while assuming that the locations of all objects that have not
yet been discovered yield the worst-case cost. Alternatively,
one can assume that the positions of the objects that have not
been detected so far are independent identically distributed
random variables with probability density functions

1

 κ(t) , if ol 6∈ q3 (t),
(l)
P(p )= 1,
if ol ∈q3 (t) ∧ ol 6∈q1 (t) ∧ ol 6∈q2 (t), (4)


0,
else,
∀l, where κ(t) is the Lebesgue measure of Y(t). This leads
to the following worst-case (A) and probabilistic (B) OCPs.
Problem. At (q(t), ξ(t)), find the input signal u|[t,tf ] producing the execution ζ|[t,tf ] of the hybrid automaton H, such
that for p = {p(l) |ol ∈ O \ q3 (t)},
A) min max tf − t,
or
u|[t,tf ]

p

B) min E{tf − t},
u|[t,tf ]

s.t. q(tf ) = (∅, O, O), x(tf ) = 04 .
Note that Problem A is deterministic, while Problem B
becomes deterministic once the last object is discovered. The
outline of the solution reads as follows. First, we derive
a lower bound for the cost-to-go. Then, we propose two
approaches for solving Problems A and B in a receding
horizon manner – one based on space and time discretization
and one based on motion parameterization, which allows for
an event-driven implementation, i.e., the OCPs are re-solved
only upon a detection.
III. P RELIMINARY ANALYSIS
Consider an assignment with two objects, i.e.,
O={o1 , o2 }, and the discrete dynamics of the corresponding
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of (5), we obtain
tw
f − t = min max J(ξ(t), u|[t,tf ] , p)

δ2

u|[t,tf ]
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≥ max(( min `(ξ(t), u|[t,t0 ] )) + Jlb (ξ(t0 ), p)) (9)
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Fig. 1. Discrete dynamics for O={o1 , o2 }, δl ∈∆, πl ∈Π, ψl ∈Ψ. Gray
nodes denote exploration, while square nodes correspond to zero velocity.
0

hybrid automaton H (Fig. 1). Let t ∈ [0, tf ] be the time
when the robot has zero velocity and may thus perform a
pick-up or drop-off (such states are denoted by a square
in Fig. 1) and let t ∈ [0, t0 ). Then, the overall cost-to-go at
ξ(t) is the sum of the cost ` until the robot stops moving at
t0 and the remaining time for reaching Fin, i.e.,
J(ξ(t), u|[t,tf ] , p)=`(ξ(t), u|[t,t0 ] )+J(ξ(t0 ), u|[t0 ,tf ] , p). (5)
Assuming that all objects have been detected prior to t0 ,
the second term on the right hand side of (5) corresponds
to the cost for the optimal sequence of pick-up and dropoff events necessary for completing the overall task. Let the
set of all feasible discrete state sequences from q(t0 ) = q
to the final discrete state qf be denoted by Σq := {σ =
q0 q1 . . . qd : qi = (qi , ξi ), qi+1 = (qi+1 , ξi+1 ), (qi , qi+1 ) ∈
(Π ∪ Ψ), i ∈ {0, . . . , d − 1}, qd = (qf , ξ(tf )), q0 = q}.
Optimizing Jσ (ξ(t0 ), u|[t0 ,tf ] , p) for a particular σ ∈ Σq can
be decoupled in terms of the input u|[t0 ,tf ] at every pick-up
and drop-off, i.e.,
d−1
X
Jσ (ξ(t0 ), p)=
min J(ξ(ti ), u|[ti ,ti+1 ] , p). (6)
i=1

p

u|[ti ,ti+1 ]

Since (q(ti ), x(ti ) = [y T 0T2 ]T ), x(ti ) ∈ G(e) and
(q(ti+1 ), x(t0 ) = [y 0T 0T2 ]T ), x(t0 ) ∈ G(e0 ), e 6= e0 , e, e0 ∈
Π ∪ Ψ, for any term of the sum (6)
r
mq(t)
min J(ξ(ti ), u|[ti ,ti+1 ] , p) ≥ 2
ky − y 0 k (7)
umax
u|[ti ,ti+1 ]
holds. Thus, we obtain
J(ξ(t0 ), u|[t0 ,tf ] , p) ≥ Jlb (ξ(t0 ), p) = min Jσ (ξ(t0 ), p). (8)
σ∈Σq

Intuitively, this lower bound corresponds to bypassing the
exploratory states in AH , such that exploration does not
contribute to the cost-to-go. Clearly, (8) holds for an arbitrary
number of objects and allows for the approximate solutions
of Problems A and B described in the following.
IV. S PACE - DISCRETIZED APPROACH
Let a complete regular discretization of Yg be given by a
finite number of squares dYgk with center points yYk g ∈ Yg ,
such that ∪k dYgk ⊆ Yg , k ∈ {1, . . . , K} and ∀y ∈ dYgk , ky −
yYk g k  ρ. This allows to keep track of the evolution of the
continuous state Y(t) by means of an under-approximation
of the already explored space.
A. Worst-case solution
By applying the min-max inequality, (8) and since ` ≥ 0,
Jlb ≥ 0, for the (certainty equivalent) worst-case evaluation

≥ min `(ξ(t), u|[t,t0 ] )) + max Jlb (ξ(t0 ), p).
p

u|[t,t0 ]

0

Initially, ξ(t) = ξ(t ) = ((∅, ∅, ∅), (04 , Yg \ O(02 )). Then,
by treating the positions of the objects p as free variables
over Y(t), i.e., p = {p(l) ∈ Y(t)|ol 6∈ q3 (t)}, we solve
p∗ = arg max min Jσ (ξ(t0 ), p),
(10)
p

σ∈Σq

which can be formulated as a Mixed-Integer Program (MIP),
and corresponds directly to the initial optimal control u|[0,twf ] .
Once the robot starts moving, the control is acquired by
solving the following OCP. Given the solution of (10),
approximating (9) is formulated as a Mixed-Integer Linear
Program (MILP)
min (t0 − t),
u|[t,t0 ]

(11)

s.t. ∀i, ∀q, bi,q =⇒ xi+1 = fq (xi , ui );

∀i, ∀q, bi,q ∈ B; xt0 = [y T 0T2 ]T , y ∈ p∗ ,
over an equidistant discretization of u|[t,t0 ] with i ∈
[0, Nmax − 1], Nmax ∈ N, where xi+1 = fq (xi , ui ) is a
discrete-time version of (2) and B is the feasible Boolean
constraint set corresponding to the discrete dynamics of H.
For brevity, further implementation details are omitted and
we refer the reader to [19] for a closely related optimization
implementation. The OCPs are solved repetitively at every
time instant until all objects are detected. The algorithm
terminates in finite time, since Y(t) is decreasing over time.
B. Probabilistic solution
With (4), (5) and (8), the optimal cost in the probabilistic
case is given by the minimum expected time
E{tf −t}= min E{J(ξ(t), u|[t,tf ] , p)}
u|[t,tf ]
ZZ
ZZ
1
1
≥ min
`dy + min
Jσ dp .
σ∈Σq κ(t)
u|[t,t0 ] κ(t)
Y(t)
Y(t)
{z
}
{z
}
|
|
E{`}

E{Jσ }

(12)
The Lebesgue measure at time t is κ(t) = AYg /AY(t) ,
where A(.) denotes the area of the corresponding region.
By applying Jensen’s inequality to the first term in (12),
we obtain the lower bound E{`} ≥ `(ξ(t), u|[t,t0 ] , E{p}).
Intuitively, this lower bound denotes the cost for a scenario
where all objects that have not been detected yet are located
at the point in the unexplored region with minimal distance
to the depot. To compute the control u|∗[t,t0 ] that minimizes
the first term in (12), we again formulate a MILP of the form
(11) for a discrete-time version of the robot’s dynamics with
the corresponding switching constraints of H. The second
term in (12) is obtained by computing the expected cost for
each sequence σ ∈ Σq through numerical integration over
p = {p(l) ∈ Y(t)|ol 6∈ q3 (t)}, followed by choosing the
sequence σ ∗ inΣq that yields the minimal cost. This allows
for a receding horizon scheme that minimizes the cost-togo at each time instant until all objects are detected. The

termination of the algorithm in finite time follows from the
fact that Y(t) decreases over time.
V. S OLUTION BY MOTION PARAMETERIZATION
The approaches presented in the previous section require
solving computationally expensive MIPs at each time instant
online. Ultimately, we want a tractable and scalable scheme
that requires re-computation only upon detecting objects. In
[20] it was shown that when the robot moves on a line,
the optimal policy for multiple objects is given by complete
exploration followed by an optimal pick-up and drop-off of
all objects. For Yg ⊂ R2 , this policy can be used to obtain
an approximation for the cost-to-go, i.e.,
ˆ
ˆ
J(ξ(t), u|[t,tf ] , p)≈Jub (ξ(t), p)=`(ξ(t))+
J(ξ(t
e ), p), (13)
(
(
0,
if q3 (t)=O, ˆ
0,
if q3 (t)=∅,
ˆ
`=
J=
te −t, else,
Jlb (ξ(te ), p), else.
where te ∈ [0, tf −t) is the time for complete exploration, i.e.
until all objects are discovered. Let the exploratory motion
of the robot be restricted to a piecewise smooth curve C(s),
parameterized by the normed Euclidean arc-length s ∈ [0, 1],
with the following assumptions:
(i) the robot with sensor footprint (1) and position y(t) =
C(s) covers Yg completely for s ∈ [0, 1], i.e.
∪s∈[0,1] O(C(s)) ⊇ Yg ;
(ii) all objects are located on C prior to their discovery, i.e.
p(l) ∈ C, ∀ol ∈ p̃, p̃ = O \ q3 (t);
(iii) intermediate pick-up(’s) and/or drop-off(’s) before all
objects are discovered may start at C(s) only if the
robot eventually returns to the spot s and continues following C, i.e., ∃(y(t) = C(s) ∧ y(t+) 6∈ C(s+)) =⇒
(∃y(t0 ) = y(t) = C(s)), t ≤ t0 , if q3 (t) 6= O.
Due to Assumption (i) keeping track of the continuous state
Y(t) is possible by only saving the current position s(t)
along the curve. Assumption (ii) is motivated by the fact
that O is typically much smaller than Yg . Thus, the time
for an immediate pick-up upon a detection can be neglected
and the cost-to-go can be evaluated along the curve, instead
of over Y(t). Since displacement is a function of time, let
the trajectory’s time dependence be captured by the path
coordinate s(t). Assume that the path starts at C(s(0) =
0) = C0 ∈ R2 and ends at C(s(te ) = 1) = Cf ∈
R2 . Since s(t) is monotonically increasing for t ∈ [0, te ],
ṡ(t) ≥ 0 everywhere and ṡ(t) > 0 almost everywhere. The
first derivative of the curve with respect to s is given by
C 0 (s) = ∂C/∂s, while the second derivative with respect to
s is C 00 (s) = ∂ 2 C/∂s2 . Further, ṡ = ds/dt and s̈ = d2 s/dt2 .
Thus, for the velocity and the acceleration along the path C,
we respectively obtain
dC(s(t))
Ċ(s) =
= C 0 (s(t))ṡ(t),
(14)
dt
2
d C(s(t))
C̈(s) =
= C 00 (s(t))ṡ(t)2 + C 0 (s(t))s̈(t). (15)
dt2
Using (15), (2) is equivalently restated as
mq(t) (C 00 (s(t))ṡ(t)2 + C 0 (s(t))s̈(t)) = u(s(t)).
(16)
Define a nonlinear substitution α(s) = s̈ and β(s) = ṡ2 ,
leading to β 0 (s) = 2α(s). With the change of variables and

the nonlinear transformation, the curve tracking problem
Z s(te )
Z 1
Z te
1
1
p
ds,
min
dt =
ds =
α,β,u
ṡ
β(s)
s(t)
s(t)
t
(17)
s.t. (16), |u(s)| ≤ umax ,
β(0) = ṡ20 , β(1) = ṡ2te , β(s) ≥ 0, s ∈ [s(t), 1],
is convex, since the cost is convex in terms of α(s), β(s)
and u(s) and the constraints are linear [22].
Now the only remaining question is: What kind of curves
satisfy Assumption (i) and can be traversed fast by the
robot? Looking at the space-discretized solutions (Sec. VI),
Lissajous curves are a good choice for the worst-case, i.e.
y(t)=C1 (s(t))=[a1 sin (2πb1 s), a2 sin(2πb2 s)]T . (18)
Complete coverage of Yg by a Lissajous curve is provided by
a suitable choice of the real-valued parameters ai and bi , i ∈
{1, 2}, which can be obtained, e.g. by applying Infinitesimal
Perturbation Analysis yielding sensitivities of the objective
function that can be used in a gradient-descent method [23].
For the probabilistic case, an Archimedean spiral appears to
be a reasonable choice, i.e., in polar coordinates (r, s),
r(t) = C2 (s(t)) = as(t),
(19)
where the parameter a is chosen such that Yg is completely
covered at r(te ) = a. With that, the worst- and probabilistic
case OCPs can be restated as follows.
A. Worst-case solution
With (13), initially, we only have to solve (17) for the
curve (18) to obtain te , and the robot starts tracking C1 with
the corresponding control input u(s). Upon a detection at
˜ = (x(t), s(t))), to obtain the worsttime t with (q(t), ξ(t)
case value of (13), we solve
Jub (ξ(t), p) ≈ min((te −t) + max Jσ (ξ(te ), p)),
σ

p

with the constraints that follow from Assumptions (ii) and
(iii), i.e., p(l) = C(s̃l ), ∀p(l) ∈ p̃, ŝl ∈ (s(t), 1] and
neglecting the cost for an immediate pick-up (the control
solving the corresponding deterministic OCP can be obtained
by standard approaches for point-to-point motion, e.g., [2]).
Then, by substituting (18) in (8) obtained with (7), the OCP
corresponds to solving an OCP for each σ ∈ Σq(t) for
ŝ = [ŝ1 , . . . , ŝ|p̃| ]T by a gradient-projection algorithm, i.e.,
∂Jσ
ŝn+1 = ŝn − η n
,
(20)
∂ŝ
n
where {η }, n=1, 2, . . . is an appropriate step size sequence,
ŝ1 was selected randomly and the algorithm terminates when
|∂Jσ /∂ŝ| <  (for a fixed threshold ), followed by choosing
the sequence σ ∗ that yields the minimal worst-case cost.
B. Probabilistic solution
Due to Assumptions (ii) and (iii), the expected value of
(13) is evaluated over the curve C2 instead of over Y(t).
Since the used Euclidean arc-length parameterization s(t)
preserves the structure of x(t) [24] and the acceleration
constraints of the vehicle are symmetric, its dynamics along
the curve can be reduced to a double integrator. Neglecting
the optimal time for a pick-up of an object with p(l) 6∈ C2 ,
we can employ the necessary optimality conditions that have
been derived in [20] for a robot moving on a line. Thus,

with κC (t) denoting the arc-length of C2 (s), s ∈ [s(t), 1],
the exploration cost
Z 1
1
ˆ
E{te − t} ≈
`ds,
(21)
κC (t) s(t)
is minimized by
(
umax ,
s ∈ [0, ssw ),
(22)
|u(s)|≤
umax √
,
s
∈ [ssw , 1],
2mq (1+ 2)
√
with ssw = 1/(1 + 2(1 + 2)). By solving (17) with the
additional constraint (22), we obtain the expected exploration
time E{te − t} (and the initial control input u1 ). Upon a
˜ = (x(t), s(t))), to obtain
detection at time t with (q(t), ξ(t)
the overall optimal expected cost, for each σ ∈ Σq we solve
Z
Z
1
E{Jσ }≈
···
Jσ dŝ1 . . . dŝ|p̃| ,
κC (t)
ŝl ∈(s(t),1],l=1,...,|p̃|
(23)
with p(l) = C(s̃l ), ∀p(l) ∈ p̃, ŝl ∈ (s(t), 1], and then pick the
sequence σ ∗ that yields the minimal expected cost. For (19),
(23) can be efficiently evaluated in polar coordinates: with
p(l1 ) ∈ p̃ and p(l2 ) ∈ p̃, respectively denoted by rl1 = as1
and rl2 = as2 , using the law of cosines and substituting the
relation |s1 −s2 |=s̃, each integral of a term of the form (7)
can be obtained by
Z 1 Z 1 r
mq(t) q 2
2a
s1 +|s1 −s̃|2 −2s1 |s1 −s̃| cos (πs̃) ds̃ds1 .
umax
s(t) 0
Remark. As the masses of the objects and the limits of Yg
are known, it may be possible to neglect some feasible σ ∈
Σq for the particular setup, if their lower bound is always
larger than the lower bounds of all other sequences in Σq .
C. Complexity
The space-discretized approaches are computationally expensive due to their NP-hardness and the generally increasing
non-convexity of Y(t) during mission execution. In contrast,
the parameterized approaches rely on solving a finite number
of OCPs by gradient projection (worst-case) or evaluating
integrals numerically (probabilistic case) with significantly
lower computational cost and allowing for parallelization.
For |p| = |O \ q2 (t)| denoting the number of objects that
have not yet been dropped off at the depot, the number of
possible discrete state sequences is |Σq | = |p|!2(|p|−1) . In our
implementation, the cost-to-go evaluation remained feasible
for up to |p| = 4 for the space-discretized approaches, and
for significantly larger |p| for the parameterized solution.
VI. N UMERICAL EXAMPLE
1) Implementation: The methods were implemented in
MATLAB, using the solver IPOPT for the MIPs of the
space-discretized methods and the solver SeDuMi for the
parameterized solutions. All computations were performed
TM
on an Intel R Core i7 2.20 GHz processor with 8 GB RAM.
2) Setup: Consider the position space Yg = [−5, 5] ×
[−5, 5] m containing the objects O = {o1 , o2 , o3 }
with p(1) = [−3.1, −3.1]T , m(1) = 1 kg, p(2) =
[1.9, −1.9]T , m(2) = 2 kg, p(3) = [3, 3]T , m(3) = 1 kg. The
robot has nominal mass m∅ = 2 kg and moves according to
the vector field set F = {fq }q∈2O . The size of the sensor

footprint is ρ = 1 m. The parameters of (18) were chosen as
a1 = a2 = ymax − 0.5ρ, b1 = 4 and b2 = 5, and a = 8π
for (19). The parts of (19) outside of Yg were obtained by
projection and spline interpolation, while for the cost-to-go
evaluation the borders of Yg were neglected. A sampling time
ts = 0.2 s was chosen for the space-discretized approaches.
3) Analysis: Fig. 2 shows snapshots of the robot’s motion
at detection instants and the final time by applying the
presented methods. The space-discretized and the parameterized methods lead to qualitatively similar solutions with
small performance differences. The worst-case evaluation
results in a more “cautious” solution by immediately picking
up and dropping off objects at the depot. In contrast, the
probabilistic evaluation typically leads to a “threshold-based”
solution, where previously detected objects are collected in
one sweep after longer exploration phases. It is notable that
for 100 simulations with random placements of O in Yg ,
the probabilistic parameterized solution (which represents a
greedy policy in terms of exploration) performed on average
7.8% better than the worst-case parameterized solution. On
average, online re-computation took 24 s and 16 s for the
worst-case and probabilistic space-discretized approaches
(performed at every time instant), and 1 s and 0.5 s for
the worst-case and probabilistic parameterized approaches
(performed upon a detection), respectively, thus verifying
that the latter two are suitable for real-time computation.
VII. C ONCLUSIONS
A time-optimal hybrid control problem for a robot that has
to find and collect a finite number of objects located in a twodimensional space and move them to a depot has been addressed. Two approaches have been proposed for the worstand a probabilistic case, assuming uniform distribution of the
objects – one based on space and time discretization and one
based on motion parameterization. The numerical case study
reflected the computational advantage of the latter, while
yielding similar qualitative results. The “cautious” worstcase policy results in an immediate pick-up and drop-off
after a detection, while the “threshold-based” probabilistic
policy consists of longer exploration phases and multiple
successive pick-up’s with a following drop-off. Future work
will assess the performance of other parameterizations, e.g.,
Fourier curves, and address the presence of obstacles.
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