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Abstract This paper focuses on the proximal point regularization technique for a
class of optimal control processes governed by affine switched systems. We consider
switched control systems described by nonlinear ordinary differential equations
which are affine in the input. The affine structure of the dynamical models under consideration makes it possible to establish some continuity/approximability properties
and to specify these models as convex control systems. We show that, for some classes
of cost functionals, the associated optimal control problem (OCP) corresponds to a
conventional convex optimization problem in a suitable Hilbert space. The latter can
be reliably solved using standard first-order optimization algorithms and consistent
regularization schemes. In particular, we propose a conceptual numerical approach
based on the gradient-type method and classic proximal point techniques.
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1 Introduction
The study of hybrid and switched systems has gained lots of interest in the recent
years (see Attia et al. 2005, 2010; Axelsson et al. 2008a, b; Azhmyakov et al. 2008,
2009, 2011; Cassandras et al. 2001; Ding et al. 2008, 2009; Egerstedt et al. 2006;
Garavello and Piccoli 2005; Shaikh and Caines 2007; Sussmann 1999; Verriest et al.
2004; Xu and Antsaklis 2003a, b). Many applications from different disciplines have
been studied in this modeling framework. The general switched systems constitute
a class of control systems where two types of dynamics are present, continuous
and discrete event dynamics (see e.g. Branicky et al. 1998; Lygeros 2003). In order
to understand how these systems can be operated efficiently, both aspects of the
dynamics have to be considered and taken into account during the optimal control
design phase. An analytic approach that combines tools from discrete event systems
and continuous systems is the most suitable but at the same time, probably the mostly
complex. Evidently, each “component” of the dynamics contributes to the complexity of the resulting control design problem, namely, the combinatorial aspect of the
discrete event part and the infinite dimensional problem related to the continuous
part. Difficulties also arise from the mutual interaction/coupling of the two abovementioned dynamic components. The stability analysis and the optimal design for
switched systems are such intricate examples of the new system phenomena (see
e.g., Branicky et al. 1998; Liberzon 2003). Many approaches have been recently
proposed to tackle various OCPs with a particular emphasis on engineering inspired
classes of switched systems. Hybrid systems with autonomous location transitions
(switching triggered by the continuous part of the state) have been considered in
Azhmyakov et al. (2008, 2009) and Xu and Antsaklis (2003a, b). The objective is to
find the conventional optimal control and a sequence of switching instants such that a
performance index is minimized. Optimization techniques for some delayed switched
systems are studied in Verriest et al. (2004). Constructive approaches to optimal
control of switched systems have been developed in Axelsson et al. (2008a, b), Ding
et al. (2008, 2009), Egerstedt et al. (2006), Shaikh and Caines (2007) and the hybrid
LQ optimization theory is discussed in Azhmyakov et al. (2009).
In this contribution we concentrate on the classes of switched systems which
are affine in the input. Note that affine and polynomial-type control systems have
become a modern application focus of practical control theory (Basin and CalderonAlvarez 2009; Basin et al. 2011; Isidori 1989; Utkin 1992). The aim of our investigations is to study the analytical structure of the basic affine state equation
with switchings and to establish some continuity properties of the corresponding
trajectories. This result can also be interpreted as an approximability property of
the dynamical models under consideration (see Azhmyakov et al. 2011). Next we
characterize a class of affine switched systems as convex control systems (see e.g.,
Azhmyakov and Raisch 2008). This characterization allows to consider the optimal
control processes governed by affine switched systems from the point of view of
the classical convex programming and to apply the corresponding theoretical and
computational optimization tools (see e.g., Azhmyakov and Schmidt 2003; HiriartUrruty and Lemarechal 1993; Ioffe and Tichomirov 1979; Polak 1997; Spellucci
1993). Moreover, we examine the above optimization methods in combination with
a regularization scheme, namely, in combination with proximal point technique. This
combination makes it possible to obtain a numerically stable general algorithm (see
Azhmyakov and Noriega Morales 2010; Kaplan and Tichatschke 1994 for details).
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Our paper is organized as follows. Section 2 contains the problem formulation and
also an introduction to the conventional proximal point techniques. In Section 3 we
study fundamental continuity properties of the classical affine systems. This general
continuity result is next applied in Section 4 to our main dynamical model, namely, to
switched systems with affine structure. Section 4 is also devoted to OCPs associated
with convex affine switched systems. Section 5 discusses a regularized first-order
numerical approach to the above OCPs. In this section we apply our main analytical
results from the previous sections to optimal control processes governed by convex
affine switched systems. Section 6 summarizes the paper.

2 Problem formulation and the classical proximal point method
Consider the following initial value problem
ẋ(t) =

r


χ[ti−1 ,ti ) (t)



Aqi (t, x(t)) + Bqi (t)u(t)



a.e. on [0, t f ],

i=1

x(0) = x0 ,

(1)

where x0 ∈ Rn is a fixed initial state, all functions Aqi : (0, t f ) × R → Rn , where qi are
from an index set Q , are measurable with respect to variable t ∈ (0, t f ) and locally
Lipschitz continuous in x ∈ R ⊆ Rn . We also assume that for every t ∈ [0, t f ] the
values Bqi (t) = (b i, j(t))nm are n × m matrices with continuous components b ij(·). We
consider systems (1) with r ∈ N switching times {ti }, i = 1, ..., r, where
0 = t0 < t1 < ... < tr−1 < tr = t f ,
and denote by χ[ti−1 ,ti ) (·) the characteristic function of the disjunct time intervals of
the type [ti−1 , ti ), i = 1, ..., r. Motivated by numerous applications, let us examine
Eq. 1 over a set U of bounded measurable control inputs. In this paper we assume
that the set of admissible controls U has the following structure


U := v(·) ∈ L2m (0, t f ) | v(t) ∈ U a.e. on [0, t f ] ,
where U ⊆ Rm is a compact and convex set. By L2m (0, t f ) we denote here the Hilbert
space of square integrable functions. We assume that for every admissible control
function u(·) ∈ U the initial value problem (1) has an absolutely continuous solution
xu (·) (on the above time interval). However, due to the presence of a nonlinearity
Aqi (t, x) in the above equation, the global existence of a solution to Eq. 1 is
not guaranteed, unless there are some additional conditions imposed. We refer to
Fattorini (1999), Hale (1969) and Poznyak (2008) for the corresponding details.
The above technical assumptions associated with the initial value problem (1) are
called the basic assumptions.
Control system (1) can be considered as a main formal dynamical model for
various classes of switched and hybrid systems. We refer to Attia et al. (2005,
2010), Azhmyakov et al. (2008), Azhmyakov and Noriega Morales (2010), Branicky
et al. (1998), Cassandras et al. (2001), Egerstedt et al. (2006), Garavello and Piccoli
(2005), Liberzon (2003), Lygeros (2003), Moor and Raisch (1999) and Shaikh and
Caines (2007), Sussmann (1999) for some concrete definitions and concepts of
hybrid/switched control systems. Note that for some classes of the above systems
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the possible switching mechanisms are formalized by different types of the characteristic functions β. For example, some classes of hybrid systems with autonomous
location transitions are considered in Azhmyakov et al. (2008), Garavello and Piccoli
(2005) and Shaikh and Caines (2007). The general switched systems with controlled
switchings are introduced in Liberzon (2003). Given an affine switched system (1)
we now formulate an associated optimization problem, namely, the following main
hybrid OCP
minimize φ(x(t f ))
subject to (Eq. 1),
qi ∈ Q , u(·) ∈ U ,

(2)

where φ : Rn → R is a continuously differentiable function. Note that the hybrid
OCP (2) has a quite general nature. Consider some functions Ãi : R+ × Rn →
R, i = 1, ..., r and assume that Ãi (·, ·) are uniformly bounded on the set (0, t f ) × R ,
measurable with respect to t ∈ (0, t f ) and uniformly Lipschitz continuous in x ∈ R ⊆
Rn . Moreover, let us also assume that B̃i : R+ → Rm , i = 1, ..., r are continuous
functions. A hybrid OCP with the following performance criterion
φ̃(x(t f )) +

r 

i=1

ti



Ãqi (t, x(t)) + B̃qi (t)u(t) dt

ti−1

where qi ∈ Q and φ̃ : Rn → R is a continuously differentiable function, can be
reduced to an OCP of the type (2) via simple state augmentation:
ẋn+1 (t) :=

r



χ[ti−1 ,ti ) (t) Ãqi (t, x(t)) + B̃qi (t)u(t)

a.e. on [0, t f ],

i=1

where xn+1 is considered as a new component of the extended (n + 1)-dimensional
state vector x̃ := (xT , xn+1 )T . The correspondingly transformed performance criterion can now be written as a terminal criterion
φ x̃ t f

:= φ̃ x t f

+ xn+1 (t f ).

Evidently, the above hybrid state space extension is similar to the usual state
augmentation technique for the conventional OCPs (see e.g., Ioffe and Tichomirov
1979).
An OCP involving ordinary differential equations can be considered in various
ways as an optimization problem in a suitable function space (Fattorini 1999). For
instance, problem (2) can be expressed as an infinite-dimensional nonlinear program
of the form:
minimize J(u(·))
subject to qi ∈ Q , u(·) ∈ U ,
where J : L2m ([0, t f ]) → R is a composite functional defined as
J(u(·)) := φ xu t f
(recall that xu (·) is a solution to Eq. 1 generated by the input u(·)).

(3)
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We now shortly discuss the necessary technical facts related to the classical
proximal point regularization method for convex optimization problems. We refer to
Azhmyakov and Schmidt (2003), Kaplan and Tichatschke (1994), Martinet (1970),
Rockafellar (1976) and Solodov and Svaiter (2000) for the corresponding proofs and
some additional theoretical results. Let {Z , || · || Z } be a real Hilbert space. Consider
the following convex minimization problem
minimize f (z)
subject to z ∈ S,

(4)

where S ⊂ Z is a bounded, convex, closed set, f : Z → R̄ := R {∞} is a lower
semicontinuous and proper convex functional. Note that the existence of an optimal
solution zopt ∈ S to Eq. 4 is guaranteed (see e.g., Hiriart-Urruty and Lemarechal
1993; Rockafellar 1970). Following Kaplan and Tichatschke (1994), Rockafellar
(1976), Martinet (1970) and Azhmyakov and Schmidt (2003) we now introduce the
proximal mapping

K
P f,S,K : α → Argminz∈S f (z) + ||z − α||2Z ,
2
K > 0, α ∈ Z
and define the classical proximal point method
zi+1 ≈ P f,S,K j z j ,
z0 ∈ S, j ∈ N,
where {K j} is a given sequence with 0 < K j ≤ C < ∞. Thus the original problem (4)
is replaced by a sequence of the auxiliary (regularized) minimization problems
Kj
||z − z j||2Z → min,
2
z ∈ S, j ∈ N
f (z) +

with strongly convex objective functionals. Recall that a sequence {zl }, l ∈ N of
elements from Z is a minimizing sequence for Eq. 4 if
lim f zl = min f (z).

l→∞

z∈S

It is well known that minimizing sequences are of great importance in constructive
optimization theory. A numerical method related with the original optimization
problem (4) is called stable if the associated minimizing sequence {zl } converges
(in a sense) to an element from the set of optimal solutions to Eq. 4. It is wellknown that the proximal point algorithm introduced above is one of the most
important stable methods for convex problems of the type (4) (see Azhmyakov and
Schmidt 2003; Solodov and Svaiter 2000 and the references therein). A constructive
solution procedure for every auxiliary problem from the above sequence of auxiliary
problems can finally be obtained as a combination of the above proximal point
regularization scheme and a suitable numerical optimization algorithm. We refer to
Polak (1997), Poznyak (2008) and Spellucci (1993) for some implementable computational methods.

Discrete Event Dyn Syst

Suppose that the approximations {z j}, j ∈ S generated by the proximal point
algorithm satisfy the estimate
||z j+1 − P f,S,K j z j || Z ≤ ε j,
∞

εj
< ∞,
K
j
j=0
for all j ∈ N. It is well-known that in this case the sequence {z j} converges in the weak
topology to a point from the solution set of problem (4) (Kaplan and Tichatschke
1994; Martinet 1970; Rockafellar 1976). Besides, {z j}, j ∈ N is also a minimizing
sequence for Eq. 4. Note that in specific cases one can improve the above-mentioned
convergence property and obtain the strong convergence of a modified proximaltype minimizing sequences (see e.g., Azhmyakov and Schmidt 2003; Solodov and
Svaiter 2000).

3 Continuity property of the conventional and switched affine control systems
In this section we consider a fundamental continuity result for general conventional
(non-switched) affine systems (Azhmyakov et al. 2011). The corresponding theorem
will be then applied to our main dynamical model, namely, to affine switched systems
of the type (1).
Theorem 1 Consider the following initial value problem
ẋ(t) = a(t, x(t)) + b (t)u(t) a.e. on [0, t f ],
x(0) = x0 ,

(5)

where a function a : (0, t f ) × R → Rn is uniformly bounded on the open set (0, t f ) ×
R , measurable with respect to t ∈ (0, t f ) and uniformly Lipschitz continuous in
x ∈ R ⊆ Rn . Let b : R → Rn×m be a continuous function. Let {uk (·)}, k ∈ N be an
associated sequence of control functions uk (·) ∈ L2m (0, t f ) and {xk0 } be a sequence of
vectors from Rn . Assume that {uk (·)} converges weakly to an element u(·) ∈ L2m (0, t f )
and moreover,
lim xk0 = x0 .

k→∞

Then, for all k ∈ N the following problem
ẋ(t) = a(t, x(t)) + b (t)uk (t) a.e. on [0, t f ],
x(0) = xk0 ,

(6)

has a unique (absolutely continuous) solution xk (·) on the time interval [0, t f ] and
lim ||x(·) − xk (·)||Cn (0,tf ) = 0,

k→∞

where x(·) is the solution of Eq. 5 corresponding to u(·).
The complete proof of Theorem 1 can be found in Azhmyakov et al. (2011). Recall
that functions a(·, ·) from Theorem 1 are often called the Caratheodory functions (see
e.g., Hale 1969; Poznyak 2008).
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We now return to our main dynamical model, namely, to the affine switched
system (1) and consider an associated weakly convergent sequence {uk (·)}, k ∈
N of control functions uk (·) from L2m (0, t f ) and a convergent sequence of initial
state vectors {xk0 } ⊂ Rn . The corresponding sequence of the associated initial value
problems has the following form
ẋ(t) =

r


χ[ti−1 ,ti ) (t)



Aqi (t, x(t)) + Bqi (t)uk (t)



a.e. on [0, t f ],

i=1

x(0) = xk0 .

(7)

Theorem 1 makes it possible to formulate the continuity result for the switched
system (1).
Theorem 2 For a sequence of locations {qi } ⊂ Q , where i = 1, ...r, consider the initial
value problem (1) with the Caratheodory functions Aqi , qi ∈ Q and the associated
problems (7). Assume that {uk (·)} converges weakly to an element u(·) ∈ L2m (0, t f ).
Moreover, let
lim xk0 = x0 .

k→∞

Then, for all k ∈ N the initial value problem (7) has a unique (absolutely continuous)
solutions xk (·) on the time interval [0, t f ] and
lim ||x(·) − xk (·)||Cn (0,tf ) = 0,

k→∞

where x(·) is the solution of Eq. 1 corresponding to u(·).
Proof For a given sequence of locations {qi }, i = 1, ...r the structure of problem (7)
is similar to the structure of an affine switched system (1).
Consider reductions uik (·) and ui (·) of uk (·) and u(·) on the given time intervals
[ti−1 , ti ), i = 1, ..., r. The weak convergence of {uk (·)} to u(·) implies the weak
convergence of all sequences {uik (·)} to the corresponding functions ui (·). Note that
uik (·), ui (·) ∈ L2m (ti−1 , ti ). Therefore, from Theorem 1 we deduce that
lim ||xi (·) − xik (·)||Cn (ti−1 ,ti ) = 0

k→∞

for all i = 1, ..., r, where xi (·) are parts of the trajectory generated by Eq. 1 in location
qi corresponding to ui (·) and xik (·) are parts of the trajectory generated by Eq. 7 in
location qi corresponding to control uik (·). Hence
lim ||x(·) − xk (·)||Cn (0,tf ) = 0

k→∞

and the proof is completed.
Note that Theorem 2 can be interpreted as follows: for the affine switched system
(1) the weak convergence of controls and the convergence of the initial conditions
cause the uniform convergence of the corresponding state variables. Clearly, this
result can be interpreted as a kind of “robustness” of systems (1) with respect to perturbations of controls and initial state variables. Evidently, the same interpretation
can be given for our first Theorem 1 with respect to the general affine non-switched
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control system (5). We will next apply our last result in order to study the numerical
consistence of a proposed combined proximal-based computational algorithm for
hybrid OCP (2). Note that a consistence of an approximation or a numerical scheme
is usually understood in computational control engineering as some well-established
and stable convergence properties of the corresponding approximating procedures.

4 Optimal control of affine switched systems
An effective application of a numerical method can be usually realized under some
necessary technical assumptions. The main condition for a possible implementation
of the proximal point regularization scheme is the convexity of the minimization
problem under consideration. To put it another way, the original hybrid OCP (2)
needs to have a structure of the abstract convex optimization problem (4) in a
suitable Hilbert space. Evidently, not every OCP of the type (2) is equivalent to the
mentioned problem (4). Therefore, we now restrict the class of OCPs and introduce
the following concept.
Definition 1 If the infinite-dimensional minimization problem (3) is equivalent to
a convex optimization problem (4), then we call Eq. 2 a convex optimal control
problem.
Our aim is to find some constructive characterizations of the elements of the
hybrid problem (2) that make it possible to establish the convexity of a given OCP
(1) in the sense of Definition 1. Our next definition characterize a sub-class of the
affine switched systems of the type (1).
Definition 2 We call the affine switched control system (1) a convex affine system if
every functional
Vl (u(·)) := xlu (t),
u(·) ∈ U , t ∈ [0, t f ], l = 1, ..., n
is convex.
Note that Definition 2 is similar to the concept of the conventional convex control
systems introduced in Azhmyakov and Raisch (2008). We also recall a monotonicity
concept for functionals in Euclidean spaces.
Definition 3 We say that a functional T :  ⊂ Rn → R is monotonically nondecreasing if T(ξ ) ≥ T(ω) for all ξ, ω ∈  such that ξl ≥ ωl , l = 1, ..., n.
Note that the presented monotonicity concept can be expressed by introducing the
standard positive cone Rn≥0 (the positive orthant). For a similar monotonicity concept
see, for example, Azhmyakov and Raisch (2008) and Göpffert et al. (2003). A general
example of a monotonically nondecreasing functional can be deduced from the Mean
Value Theorem (Clarke et al. 1998), namely, a differentiable functional
T : Rn → R, ∂ T(ξ )/∂ξl ≥ 0 ∀ξ ∈ Rn , l = 1, ..., n,
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where ∂ T(ξ )∂ξl is the k-th component of the gradient of T, is monotonically
nondecreasing.
Our next result gives a constructive characterization of a convex affine system
from Definition 2.
Theorem 3 Assume that the basic assumptions from Section 2 are satisf ied. Let
every component Alqi (t, ·), l = 1, ..., n of Aqi , q ∈ Q be a convex and monotonically
nondecreasing functional for every t ∈ [ti−1 , ti ), i = 1, ..., r. Then the control system
(1) is a convex af f ine system.
Proof Let
u3 (·) := λu1 (·) + (1 − λ)u2 (·),
where u1 (·), u2 (·) are elements of U and 0 < λ < 1. Consider the corresponding
restrictions
u3,i (·), u1,i (·), u2,i (·)
of the above control functions on the time intervals [ti−1 , ti ), i = 1, ..., r. Let N be a
(large) positive integer number and


GiN := ti0 = ti−1 , ti1 , ..., tiN = ti
be an equidistant grid associated with every interval [ti−1 , ti ], i = 1, ..., r. Here we
have t10 = t0 = 0 and trN = tr = t f . Consider the Euler discretization method applied to
the affine differential equation from Eq. 1 on every time interval [ti−1 , ti ), i = 1, ..., r
(for every location qi ∈ Q ) with u(·) = u3 (·)
u

u

x̃l 3,i tis+1 = x̃l 3,i tis +
u
x̃l 3,i
u
x̃l 3,1

ti0 =

u
x̃l 3,i−1

it



(Aqi tis , x̃u3,i tis

l

+ Bqi u3,i tis


l

,

N
ti−1
,

t10 = (x0 )l ,

where l = 1, ..., n, s = 0, ..., N − 1 and
it

:= (ti−1 − ti )/(N + 1).

By x̃u3 (tis ), tis ∈ GiN , we denote the corresponding Euler-discretization of the solution
xu3 on GiN . From the main convexity result of Azhmyakov and Raisch (2008)
(Theorem 1, p. 994) it follows that the functional
 
u
uq (·) → x̃l q tqs , l = 1, ..., n,
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where q = 1 (the first location), is convex. Using this fact and convexity of every
matrix-function Aqi (t, ·), qi ∈ Q , for q = 2 we obtain
 
 
 
    
 
u
u
u
x̃l 3,q tq1 = x̃l 3,q tq0 + q t Aq tq0 , x̃l 3,q tq0
+ Bq tq0 u3,q tq0
l

l

 
 
u
u
≤ λx̃l 1,q tq0 + (1 − λ) x̃l 2,q tq0
 
      
u
+ Bq tq0 u1 tq0
+ λ q t Aq tq0 , x̃l 1,q tq0
l

+ (1 − λ)
=

u
λx̃l 1,q


qt

l


      
u
Aq tq0 , x̃l 2,q tq0
+ Bq tq0 u2 tq0

 
 
u
tq1 + (1 − λ) x̃l 2,q tq1 .

l

l

Thus, the functional
 
u
uq (·) → x̃l q tq1 , l = 1, ..., n,
where q = 2 is also convex. Using the convexity of every Aqi (t, ω) and monotonicity
properties of (Aqi (t, x))l with respect to x and the convex structure of the functional
u
uq (·) → x̃l q (tq1 ), we deduce that functional
 
u
uq (·) → x̃l q tq2 , q = 2
is also convex for all l = 1, ..., n (see Azhmyakov and Raisch 2008 for details).
u
Applying induction on s, we obtain convexity of the functional uq (·) → x̃kq (tqs ), q = 2
for all s = 0, ..., N − 1, N ∈ N.
Now we use induction on q ∈ Q and prove the convexity of every functional
uq

uqi (·) → x̃l i tis ∀s = 0, ..., N − 1,
i = 1, ..., r, qi ∈ Q .
From the last fact we can deduce the convexity of the general functionals (the global
Euler discretization) u(·) → x̃lu (t), where t ∈ i=1,...,r GiN and u(·) ∈ U .
The convexity of all Aqi , q ∈ Q imply the global Lipschitz continuity of these
functions on any closed subset of R that contains xlu3 (t), t ∈ [ti−1 , ti ). From this fact we
deduce the uniform convergence of the considered Euler approximations for N →
∞. That means
lim

sup ||x̃lu3 (t) − xlu3 (t)|| = 0

N→∞ t∈[ti−1 ,ti )

on every interval [ti−1 , ti ). Therefore, for every number ε > 0 there exists a number
Nε ∈ N such that for all N > Nε we have
||xlu3 (t) − x̃lu3 (t)|| ≤ ε
where t ∈

i=1,...,r

GiN . Therefore, we obtain the following inequality
xlu3 (t) ≤ x̃lu3 (t) + ε
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for all t ∈ [0, t f ]. From convexity of x̃uk3 (t) we next deduce that
xlu3 (t) ≤ λx̃lu1 (t) + (1 − λ)x̃lu2 (t) + ε, t ∈ [0, t f ].
That means
xlu3 (t) ≤ lim N→∞ λx̃lu1 (t) + (1 − λ)x̃lu2 (t) + ε = λxlu1 (t) + (1 − λ)xlu2 (t).
This shows that the functional u(·) → xlu , u(·) ∈ U is convex for all l = 1, ..., n and
all t ∈ [0, t f ] and the given control system (1) is a convex affine system.
We now establish the convexity of an OCP governed by a convex affine switched
system of the type (1).
Theorem 4 Let the control system from Eq. 1 be a convex af f ine system and let the
function φ be convex and monotonically nondecreasing. Then the corresponding OCP
(2) is convex.
Proof Using the convexity and monotonicity of the function φ and the convexity of
Vl (u(·)), u(·) ∈ U , t ∈ [0, t f ], l = 1, ..., n,
we can prove that the functional J, where
J(u(·)) = φ xu t f

,

is convex. Since U is a convex subset of Rm , the set U is also convex. Therefore,
problem (2) is equivalent to a classical convex program of the type (4).
Evidently, Theorem 4 provides a basis for a numerical consideration of convex
OCPs from the point of view of the classical convex programming.
Let us now discuss shortly the applicability of the obtained convexity results.
Consider the following simple initial value problem involving an one-dimensional
Riccati differential equation
ẋ(t) =

r


χ[ti−1 ,ti ) (t) aqi tx2 (t) + b qi u(t) ,

i=1

x(0) = x0 > 0,
where x(t) ∈ R, u(t) ∈ R, 0 ≤ u(t) ≤ 1 and the coefficients aqi , b qi are positive constants. Note that in this case the basic assumptions from Section 2 are fulfilled. Since
Aqi (t, x) = aqi tx2
is a locally Lipschitz function, the given initial value problem is locally solvable.
Under the above positivity assumptions, Aqi (t, x) can be defined on the open set
R+ × R+ . This nonlinear function is convex and monotonically nondecreasing. Since
the conditions of Theorem 3 are satisfied, the control system under consideration is a
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convex affine system. Note that the same consideration can also be made for a more
general controllable Riccati-type system (1) that admits positive solutions. Next we
examine an example of a simplified controllable “explosion” model (see Zukas and
Walters 1998)
ẋ(t) =

r




2
χ[ti−1 ,ti ) (t) aq1 i eaqi x(t) + aq3 i x(t) + b qi u(t) ,

i=1

x(0) = x0 > 0, 0 ≤ u(t) ≤ 1
with some positive scalar parameters aq1 i , aq2 i , aq3 i and b qi , qi ∈ Q . This dynamic
model also constitutes a convex affine system.
Finally note that our convexity results, namely, Theorem 3 and Theorem 4
primarily involve the nonlinearly affine systems (1). The convexity properties of a
linear switched system and the associated OCP of the type (2) can be established
under some weaker assumptions and are in fact simple consequences of the theory
developed in Azhmyakov and Raisch (2008).

5 Some computational issues
It is well known that necessary optimality conditions are not only a main theoretical
tool of the general optimization theory but also provide a basis for several numerical
approaches in mathematical programming. The same is true in connection with
various numerical solution schemes associated with OCPs. We refer to (see e.g.,
Azhmyakov and Raisch 2008; Azhmyakov and Noriega Morales 2010; Büskens and
Maurer 2000; Cassandras et al. 2001; Maurer 1976; Polak 1997; Sakawa et al. 1981;
Teo et al. 1991) for theoretical and some computational aspects. The necessary optimality conditions for convex minimization problems (3) and (4) are also sufficient.
In this case a local solution of a convex minimization problem coincides with a global
solution. Consider a convex OCP (2) and the associated minimization problem (3).
In the case of a convex problem (2) one also can formulate necessary optimality
conditions in the form of the conventional Pontryagin Maximum Principle (see e.g.,
Fattorini 1999; Ioffe and Tichomirov 1979). Note that in this case we need to use a
special form of the Maximum Principle, namely, a hybrid version of this optimality
criteria (see Azhmyakov et al. 2008; Shaikh and Caines 2007). The initial OCP (2)
can be easily rewritten in the following equivalent form (see Ioffe and Tichomirov
1979)
minimize

r 

i=1

ti

ti−1

fq0i (t, x(t))dt

subject to (Eq. 1), qi ∈ Q , u(·) ∈ U ,

(8)

where fq0 : R × Rn → R, where q ∈ Q , be continuously differentiable functions. We
also assume that the control set has the simple box-structure:


j
j
U := u ∈ Rm : v− ≤ u j ≤ v+ , j = 1, ..., m ,
j

j

where v− , v+ , j = 1, ..., m are some constants. The application of the hybrid Maximum Principle to problem (8) involves the existence of the adjoint variable ψ(·) that
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is a solution of the corresponding boundary value problem (see Azhmyakov et al.
2008)
ψ̇(t) = −

r


χ[ti−1 ,ti ) (t)

i=1

∂ Hqi (t, xopt (t), uopt (t), ψ(t))
a. e. on [0, t f ],
∂x

ψr (t f ) = 0,

(9)

where
Hqi (t, x, u, ψ) := ψ, (Aqi (t, x) + Bqi (t)u − fq0i (t, x)
is a “partial” Hamiltonian for the location qi ∈ Q , xopt (·) is a solution to Eq. 1 associated with uopt (·) and ·, · denotes the scalar product in Rn . Note that in difference
to conventional optimal control problems the adjoint function ψ(·) determined in
Eq. 9 is not an absolutely continuous function (has “jumps” at switching times ti , i =
1, ..., r). We assume that problem (8) is regular (nonsingular) in the following sense:
ψ(t)  = 0 for all t ∈ [0, t f ] \ ϒ, where ϒ is a subset of [0, t f ] of measure zero. When
solving sophisticated optimal control problems based on some necessary optimality
conditions one can obtain a singular solution. Recall that there are two possible scenarios for a singularity: the irregularity of the Lagrange multiplier associated with the
cost functional (Clarke et al. 1998; Ioffe and Tichomirov 1979) and the irregularity
of the Hamiltonian. In the latter case the Hamiltonian is not an explicit function
of the control function during a time interval. Various supplementary conditions
(constraint qualifications) have been proposed under which it is possible to assert
that the Lagrange Multiplier Rule (and the corresponding Maximum Principle) holds
in “normal” form, i.e., that the first Lagrange multiplier is nonequal to zero. In this
case the corresponding minimization problem is called regular.
Evidently, the differential equation from Eq. 9 can be rewritten as follows
ψ̇(t) = −

r


χ[ti−1 ,ti ) (t)

i=1

⎛

∂ Aqi t, xopt (t)
×⎝
∂x

T
+(u

opt

(t))

T

∂ Bqi (t)
∂x

T

⎞
∂ fq0i (t, xopt (t))
⎠(10)
ψ(t)+
x

The maximality condition from the above-mentioned hybrid Maximum Principle
(see Azhmyakov et al. 2008) implies the “bang-bang” structure of the optimal control
uopt (·) given by components


 j 
  j
opt
u j (t) = 1 ψ T (t)Bqi (t) j v+ + 1 − 1 ψ T (t)Bqi (t) j v− ,
∀t ∈ [ti−1 , ti ), j = 1, ..., m,

(11)

where 1(z) ≡ 1 if z ≥ 0 and 1 ≡ 0 if z < 0 for a scalar variable z. As we can see the
optimal control is a function of ψ(·) and functions Bqi (·), qi ∈ Q . A practical solution
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of the boundary value problem (9) is usually based on an iterative numerical scheme.
We refer to Poznyak (2008) for some iterative computational approaches. Using (10),
the (l + 1)-iteration ψ (l) for Eq. 9 can be generally written as
⎛
⎛
T
r
opt

∂
A
t,
x
(t)
q
i
ψ S,(l+1) (t) = −L S ⎝
χ[ti−1 ,ti ) (t) ⎝
∂x
i=1
+ u

opt

(t)

T

∂ Bqi (t)
∂x

T
ψ

S,(l)

(t) +

∂ fq0i t, xopt (t)



x

, (12)

where components of uopt (·) are given by Eq. 11 replacing ψ(t) by ψ S,(l) (t), l ∈ N.
Here L S (w(·)) is a sequence of Riemann sums
t 
w
S s=1
S

L S (w(·)) :=




t
s , s∈N
S

t
for the integral L(w(·)) := 0 w(t)dt of a piecewise continuous function w(·). It is
well known (see e.g., Atkinson and Han 2005) that a sequence {L S }(·) converges
pointwise (weakly) to L. To put it another way, we have a pointwise convergence
of the approximations given by Eq. 12 to an exact solution ψ(·) of Eq. 9. Since a
weak convergence in the space of piecewise continuous functions coincides with the
weak convergence, we conclude that a sequence of controls {u S,(l) (·)}, where every
j-component of u S,(l) (·) is defined as follows
(t)
u S,(l)
j

=1



ψ

S,(l)

(t)

T


Bqi (t)

j


j
v+

+ 1−1



ψ

S,(l)

(t)

T


Bqi (t)

j

j

v− ,

∀t ∈ [ti−1 , ti ), j = 1, ..., m,
converges weakly to uopt (·). From our main continuity result for switched systems, namely, from Theorem 2 we now deduce the strong convergence of the
sequence x S,(l) (the trajectories associated with {u S,(l) (·)}) to an optimal trajectory
xopt . That means a numerical consistence (in the sense of a strong convergence
of trajectories) of the usual computational schemes applied to the boundary value
problem (9) associated with the optimality conditions for the hybrid optimal control
problem (8).
Alternatively, the convex structure of an infinite-dimensional minimization
problem (3) allows us to write necessary and sufficient optimality conditions for a
convex OCP (3) in the form of the Karush-Kuhn-Tucker Theorem or in the form of
an easy variational inequality. We refer to (see Azhmyakov and Raisch 2008; Ioffe
and Tichomirov 1979; Polak 1997; Spellucci 1993) for a concrete form of optimality
conditions in the case of a convex OCP and also for additional theoretical details. Let
(3) be a convex minimization problem with a (Fréchet) differentiable cost functional
J. We now describe a gradient-based approach for this purpose (see e.g., Azhmyakov
and Raisch 2008; Polak 1997; Teo et al. 1991). We refer to Azhmyakov and
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Raisch (2008) and Fattorini (1999) for an explicit representation of the “reduced”
gradient for the conventional OCPs. Using this representation, ∇ J(uopt (·)) can be
expressed as
∇ J(uopt (·))(t) = −Hu (t, xopt (t), u(t), popt (t)),
ṗopt (t) = −Hx (t, xopt (t), uopt (t), popt (t)),
popt (t f ) = −φx (xopt (t f )),
ẋopt (t) = H p (t, xopt (t), uopt (t), popt (t)),
x(0) = x0 ,

(13)

where

H(t, x, u, p) = p,

r




χ[ti−1 ,ti ) (t) Aqi (t, x(t)) + Bqi (t)u(t)




Rn

i=1

is the joint Hamiltonian of the OCP problem (2). By Hu , H p , Hx we denote here
the partial derivatives of H with respect to u, p and x. Moreover, xopt (·) and popt (·)
are the optimal state and the optimal adjoint variable corresponding to the optimal
control function uopt (·) ∈ U . Note that the gradient ∇ J in Eq. 13 is computed
with help of the joint Hamiltonian H to the switched OCP (2). We do not use
here a sequence of “partial” Hamiltonians associated with every location for a
hybrid/switched system (see e.g., Azhmyakov et al. 2008, 2009; Shaikh and Caines
2007).
We may use the notation ·, ·L2m ([0,tf ]) to denote the inner product of the space
L2m ([0, t f ]) and formulate the following optimality criterion.
Theorem 5 Consider a regular convex OCP (2) and assume that the basic assumptions
from Section 2 are satisf ied. Then uopt (·) ∈ U is an optimal solution of Eq. 2 if and
only if


∇ J(uopt (·)), u(·) − uopt (·) L2 ([0,tf ]) ≥ 0 ∀u(·) ∈ U .
m

(14)

Proof Under the basic assumptions introduced in Section 2 the following mapping
xu (t f ) : L2m ([0, t f ]) → Rn
is Fréchet differentiable (Ioffe and Tichomirov 1979). Since φ is a differentiable
function, the composition
J(u(·)) = φ(xu (t f ))
is also (Fréchet) differentiable. The set of admissible controls U is convex, closed
and bounded. Hence, we obtain the necessary and sufficient optimality condition for
OCP (2) in the form (14) (see Ioffe and Tichomirov 1979). The proof is completed.
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Generally, the reduced gradient ∇ J(u(·)) at u(·) ∈ L2m ([0, t f ]) can be computed as
follows
∇ J(u(·))(t) = −Hu (t, xu (t), u(t), pu (t)),
ṗu (t) = −Hx (t, xu (t), u(t), pu (t)),
pu (t f ) = −φx (xu (t f )),
ẋu (t) = H p (t, xu (t), u(t), pu (t)),
x(0) = x0 ,

(15)

where xu (·) and pu (·) are the state and the adjoint variable corresponding to u(·). The
presented formalism provides a basis for a variety of useful gradient-type algorithms.
In the case of a convex OCP (2), these algorithms are particularly attractive in the
context of an effective numerical treatment of a regularized problem (3). We now
introduce the sequence of iterative prox-regularized auxiliary problems for the initial
minimization problem (3) (see also Section 2)
minimize J l (u(·)) := J(u(·)) +
subject to u(·) ∈ Q̃,

χl
||u(·) − ul (·)||2L2 ([0,tf ])
m
2
(16)

where l = 0, 1... and u0 (·) ∈ U . Here {χl } is a given sequence with 0 < χl ≤ C < ∞.
Clearly,
∇ J l (u(·)) = ∇ J(u(·)) + χl ||u(·) − ul (·)||L2m ([0,tf ]) .
where ∇ J̃ can be computed by using the formulas (15).
Since J l (u(·)) is a strongly convex functional, the minimization problem (16) has a
unique solution. Under some mild assumptions, the gradient-type method converges
to this solution of Eq. 12. Under the basic assumptions presented in Section 2 a
sequence {ul (·)} generated by the proximal point method (16) converges weakly
to an optimal solution of the initial problem (3). Moreover, this sequence is also a
minimizing sequence in the sense of Eq. 3. Combining this property of the proximalsequence and Theorem 4 we obtain our consistence result.
Theorem 6 Let Eq. 2 be a convex OCP and the corresponding initial value problem
(1) involves the Caratheodory functions Aqi , qi ∈ Q . Let {ul (·)} be a sequence
generated by the proximal point regularization (16). Assume that {xl (·)} is a sequence
of solutions to Eq. 1 associated with {ul (·)}. Then this sequence of trajectories {xl (·)}
converges strongly to an optimal trajectory xopt (·) of Eq. 2, namely,
lim ||xopt (·) − xl (·)||Cn (0,tf ) = 0.

l→∞

Proof Since Eq. 2 is assumed to be convex and the sequence {ul (·)} is generated by
the proximal point method, we obtain a weak convergence of this sequence to an
optimal control uopt (·) for Eq. 2. Using this fact and Theorem 4, we deduce the above
strong convergence of the associated trajectories {xl (·)} to an optimal trajectory of
Eq. 2.
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Finally, let us note that the application of a gradient-based approach to the proxregularized initial OCP (2) provides a stable numerical procedure for this problem.
The numerical “stability” is considered here with respect to a strong convergence of
the corresponding approximative trajectories to an optimal trajectory of the given
affine switched systems.

6 Conclusion
This paper studies some practically motivated switched control systems, namely,
the switched systems with affine structure. We study the approximability property
associated with the affine switched systems and also consider a subclass of the
above dynamical models that can be characterized as a class of convex affine
(switched) systems. Roughly speaking, convex control systems are those for which
all components of every admissible trajectory are convex functionals with respect
to the control inputs. Under some additional assumptions, OCPs associated with
the above dynamics correspond to convex optimization problems in a real Hilbert
space. We examine a specific type of convex affine systems with switchings and the
related convex OCPs. For constructively solving convex optimal control problems
we propose a conceptual computational method. This method is a combination of
a conventional first-order algorithms and the classical proximal point regularization
scheme. The approximability property of the general affine switched systems makes
it possible to establish numerical stability of the above computational procedures for
the switched OCPs under consideration.
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